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XVII. Note respecting the demonstration of the binomial theorem
inserted in the last volume of the Philosophical Transactions.
By Thomas Knight, Esq. Communicated by Taylor Combe,
Esq. Sec. R. S.

Read April 1%, 1817.

Ix looking into Mr. SPENCE’s ingenious ¢ Essay on Loga-
rithmic Transcendents,”” a work published in 1809, but which
I have been so unfortunate as never to have seen till within
the last fortnight, I was not a little surprised to find that a
demonstration of the binomial theorem, similar to the one'I
had the honour to present to the Royal Society, had been
already given by that writer. The same may be said of the
first proposition of the preceding Paper on the construction of
Logarithms.

Having made this acknowledgment, 1 shall perhaps be
pardoned for observing, that Mr. SPENCE is not particularly
happy in the manner of developing the kind of functions he
treats of in his preface. I shall endeavour to give the solu-
tion of a class of equations of which he (Pref. p. vii.) has
considered a particular case : with this we will begin.

It is proposed to develope the function which has this pro-

perty, Viz.

o1+ 2+ o(1 +9)+ (1 +2)=0(1+2.145) Fo(1+z1+2)+

o1y 142 —o(1+z.14y142).

4

Assume ¢(142)=A+4AT+A"2"+ AP .. A2,
and after making the requisite substitutions in the given
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equation, we see immediately that A==0, and that A’ and A"
are arbitrary. Then, to find the law of the coefficients, in
this and other similar cases, where there are any number of
independent quantities, &, &', 2", .. ... z”-n transpose all the
equation to one side, and find the coefficient of the first power
of "=, then the coefficient of the first power of 2” -»—1 in
the former coefficient, then again, in this last, the coefficient

of the first power of z*"—2: and having arrived in this
manner at the coefficient of #/, it will have the form a--bz--
¢x® = ...... 4 rz™ <=, and the equation 7 =0 will give the law
sought for. ;

In the present case, putting p=x 4 (142)z, c=14z+
(14x)=, we find, by equalling to o the coefficient of the first
power of y, )

o:—;A'+2A"1 +3A'"} droeeie (1 1) A (k1)

(r+2) (2°4-2%)
+ A7) +-2A" F o nA”wmn

— Alc—2A"0p — gA"op* — .. — (4 1 (A (1 D g e
If in this we equal to o the coefficient of the first power of %,
there arises 0 = g A"— A’z — 2A" (1 + gz + 22°)

— A" (22 4 57° + 32°)
— 4‘AIIII(3(T2+ 7‘z,3 + 4“2.4)

, +
}(w”-l-z”)
+

~nA MW= 2" e sm—1 . 2" o na)
whence we find for the general law of the coefficients (z>2),
i — 1A g —g 1. A" (g 2 JPA - (0—2)
== 0.......( 1)
From which let us suppose that we have calculated a few of
the coefficients, and arrived at the result of Mr. SPENCE, viz.
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? (1+.r)=A’(x-—--—+ ;—3—-;-‘-)+A"L“'(1+x) ceeea(2)

nothing can be easier than to find the value of the remaining
series ; for it is quite obvious, from the equation expressing
the property of the function, that L( 14-) is a particular value

of (14-z). The same also appears from equation (1), in
which, if we put A”.. (n—=)—-———- A”. (n—1) = ;’-’—'— At o ':T’
the left hand member vanishes.

Make then, in equation (2), Al=1, A= :‘ , and it becomes

L(1+x)—-—x—-— ~ 25;“4—-&0 o —«L’ (1 4+ z), whence

g2+ 25 — & =L (142) + 3L(1 + 2), and finally
o(1+2) =A{L(1 4+ 2) + S L1+ 2)} + AL (1 4 2)

Let us now endeavour to develope the function next in order
of the same class, viz. ¢ (142), havmg the fol]owmg pro-
perty, ;

( 1+7ﬂ) 4 o(142) + o 14 Fo(147)=¢( 1+ 14y)

+o(1+z . 142)4-

o(14y.1 +z)+¢(1 +w.r4z) o1 fw.14y) 4

: p(14w.142)—...... (8)

o(142. 14y . 142)—o(14w. 14y.142) —o(14w.

142.142)—

e(14w . 142 . 14y)Fo(adw . 142 . 14y . 14-2).

~ Assume ¢(142)=A+Ax4A"2" 4 ...... J- A7 gnade

and make the requisite substitutions ; we shall find A==o, A’,

A" and A" arbitrary. Then to have the law of the coeffi-

cients, find, according to the rule, the coeflicient of « in the

coeflicient of zin the coefficient of y, and, comparing in this
the coefficients of the powers of w, we find
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#(n—1)(n—2)A” -1 g(n—1)(n—g)" A" (1—1)4-(8 .n—2*. n—3
Fn—2)A”(1—=2) e (n-—2 . n—3 . n—4+n—g)A”.(r—3)=0
If we take successively 4, 5, 6, &c. for z we find
e(14x)=A' {w—— zidrm"-l- %w’—-}
4+ A" {xz-—- 1—’2 Al s —:-%— X — }
) 3 4 7 .5
+A'{m3——--;-m+—4-w-—} |
The series at bottom is L*(14x) ; the series next above it is

L*(14) 4+ L?(14x). To find the upper series we have
the same means as in the last Problem, L( 14 ) being a par-

ticular value of ¢(14-2) ; make then A'=1, A"=—, A”’—-;-,
our equation becomes L(1 +w)-—x——~ - a4 ;70- &'

- -%—{Lg (14-2) 4 Lé(14-2) }

+ 1L (14a)

whence w—-———w+ 24— &c. __L(1+w)+ L (14-2)

120
—6— 13 (1+4x), and
o(142)=A" {L(142)+ L (142)+ 5 L(142)]
+A” { L (142) + L2(1+2) |
-[-A"' L3(1+$)
which is the complete solution of the proposed equation.

As, however, this result has been obtained by the inspec-
tion of only a few terms of two series, a doubt may be
entertained with respect to its truth : make therefore w=x=
y==g, in equation (g), it will become 4¢(1+2z)=6¢(1+4-2)*
—40(14-2)% 4 ¢(142)*, which by the substitution of the
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value found above for ¢(1-4-z) is found to be identical, and
the truth of the solution is proved.

We may now attempt the solution of the general problem,
viz. Let x, 2', 2/, 2, . ... 2"-? be independent quantities; it
is required to find ¢( 1+x) from the following equation,
s.o(142"""==s L p(142™ " 142" ") —3 . p(1 2" L 2"

C1fa )4
s, q>(1+x"  pefeg’ 1" 1 ) —S 01 2 1 2,
142" 1z 142" ) 4= &

Assume as usual ¢ (14-2) =A A’z A"z’ A" 2%°4; but
instead of attempting to find the law of the coefficients, we
may easily convince ourselves that ¢ (14-x) will have the fol-
lowing form, viz.

o(1 +x)—-—A’ SLa+2) 4oL (14 2) "L (14 2) +
WD R WS +a"? L2 (1 +x)}

+A' ? Lf’( 1 +x)
This form evidently includes, as particular solutions,
L(12), L'(14-2), L*(14-2), ... ... L2 (142) ¢
and, by means of these particular solutions, we are enabled
to find the coefficients &, &', 2", &c. 8", £, &c., 9", &c.
&c. For let

L (142 )==a4b"2" - b" b

L’ (142)= Pl Nl ol Sl
L3( 1 +w )= w3+d"llm4+
&c. &c.

Kke
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By changing A’, A", A", &c. into the coefficients of each
of these expressions, successively, we have p particular values
of equation (4); viz.

L(142)=L{14a)4 "L (1 + @)+ L3(142)ta"" L (1 4 2) 4

...... +a"? Lt 14-2)

+0" { L(14a) + B 142y B L1 ) e v o

| B”'"PLP(I'-!—J’) }

+ L (1a) " L (142) o + oLt (142) }
Fo L (14 2) b e L (14 o)}

.............. ¢ o e ¢ & e .+

b2 x L? (1+42) ‘
from which we derive the equations b'<-a""=0, ¥""'4-b"3"}-
a''=20y b b g L BB o0 ' ==0, &c,; next we have
L(14a)=L(142)4L"L(142) 4L L (142) + ... .. ..
+8"? L(14-2)
=c" { L1+ "Lt 4oy L1 42) }

A" L (1) F + & Le(14a) }
+ " L (142)
whence we get the equations ¢ 4 " = o, ¢ A A
Jed =o, &ec. .
The next particular solution is
L1+ 2)=LY1 + 2y LA 14 &) ok g™ L? (142)
+d""{ | G N B 437 L2(1 +w)}
+d"? x Lo (1)
whence @' 4 §""'=0, &c. and by proceeding in the same way

we have as many equations as the coefficients which are to be
. determined,
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So much for the expansion of these functions.
What Mr. SPENCE means by the note in page ix. of his
. . a>*x
Preface, where he speaks of the 1ntegralﬂ—;—-=¢ (z) an
equation which is evidently impossible, I am unable to form
the smallest conjecture.

 Papeastle, March 3, 1817.



